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In the present paper we construct q-Szász–Mirakjan operators that preserve x2. The rate of
global convergence is obtained in the frame of weighted spaces. Furthermore, we obtain a
Voronovskaja type theorem for these operators.
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1. Introduction
King [1] has presented an example of linear and positive operators Vn : C [0, 1]→ C [0, 1] given as follows
Vn (f ; x) =
n−
k=0
f

k
n

n
k
 
r∗n (x)
k 1− r∗n (x)n−k , 0 ≤ x ≤ 1,
where r∗n (x) : [0, 1]→ [0, 1] are defined by
r∗n (x) =

x2, n = 1,
− 1
2 (n− 1) +

n
n− 1x
2 + 1
4 (n− 1)2 , n = 2, 3, . . . .
This sequence preserves the test functions e0, e2 and Vn (e1; x) = r∗n (x) holds. Replacing r∗n (x) by e1, one reobtains
Bernstein polynomials. Further results regarding the Vn operator have been recently obtained in [2]. Approximation results
on the Szász–Mirakjan operators preserving x2 have been investigated in [3]. In [4] Agratini indicated a general technique to
construct sequences of univariate operators of a discrete type with the same property as in King’s example, i.e., their degree
of exactness is null, but they reproduce the third function of the celebrated criterion. This way gives themodified variants of
Szász, Baskakov and Bernstein-Chlodovsky operators. Rempulska and Tomczak [5] studied certain operators preserving x2
that include the Stancu operator. On the other hand, recently King type q-Bernstein operators were studied in [6] and King
type q-Szász operators in [7].
The goal of this article is to construct and investigate a variant of q-Szász–Mirakjan operators, studied in [8], which
preserve the functions e0 and e2. The paper is organized as follows. In Section 2, we give standard notations that will be used
throughout the paper, introduce King type q-Szász–Mirakjan operators and evaluate the moments of S∗n,q. In Section 3, we
study convergence properties of our operators for functions with polynomial growth. The main tool is a weighted modulus
of smoothness. Furthermore we give the quantitative Voronovskaja-type asymptotic formula.
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2. Construction and estimation of moments
Throughout the paper we employ the standard notations of q-calculus. q-integer and q-factorial are defined by
[n] :=

1− qn
1− q if q ∈ R
+ \ {1},
n if q = 1
for n ∈ N and [0] = 0,
[n]! := [1] [2] . . . [n] for n ∈ N and [0]! = 1.
For integers, the 0 ≤ k ≤ nq-binomial is defined by[
n
k
]
:= [n]!
[k]! [n− k]! .
There are two q-analogues of the exponential function ez , see [9],
eq (z) =
∞−
k=0
zk
[k]! =
1
(1− (1− q) z)∞q
, |z| < 1
1− q , |q| < 1,
and
Eq (z) =
∞∏
j=0

1+ (1− q) qjz = ∞−
k=0
qk(k−1)/2
zk
[k]! = (1+ (1− q) z)
∞
q , |q| < 1, (1)
where (1− x)∞q =
∏∞
j=0

1− qjx. We set
snk (q; x) = eq (− [n] x) q k(k−1)2 [n]
k xk
[k]! , n = 1, 2, . . . . (2)
It is clear that snk (q; x) ≥ 0 for all q ∈ (0, 1) and x ∈ [0,∞) and moreover
∞−
k=0
snk (q; x) = eq (− [n] x)
∞−
k=0
q
k(k−1)
2
([n] x)k
[k]! = 1.
Let Bm [0,∞) be the set of all functions f satisfying the condition that |f (x)| ≤ Mf (1+ xm) , x ∈ [0,∞),m > 0 with some
constantMf depending on f . Introduce
Cm [0,∞) := Bm [0,∞) ∩ C [0,∞) ,
C∗m [0,∞) :=

f ∈ Cm [0,∞) : ∃ lim
x→∞
|f (x)|
1+ xm <∞

.
These spaces are endowed with the norm
‖f ‖m := sup
x∈[0,∞)
|f (x)|
1+ xm .
In order to introduce a King type q-Szász–Mirakjan operators, we present a construction due to Mahmudov [8].
Definition 1. Let q ∈ (0, 1) and n ∈ N . For f : [0,∞)→ Rwe define the Szász–Mirakjan operator based on the q-integers
Sn,q (f ; x) = eq (− [n] x)
∞−
k=0
f

[k]
qk−1 [n]

q
k(k−1)
2
[n]k xk
[k]! . (3)
Moments Sn,q (em; x) are of particular importance in the theory of approximation by positive operators. From (3) we
easily derive the following recurrence formula and explicit formulas for moments Sn,q (em; x) ,m = 0, 1, 2, 3, 4.
Lemma 2 ([8]). Let 0 < q < 1. The following recurrence formula holds
Sn,q (em+1; x) =
m−
j=0

m
j

x
qj [n]m−j
Sn,q

ej; x

. (4)
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Lemma 3 ([8]). Let 0 < q < 1. We have
Sn,q (e0; x) = 1, Sn,q (e1; x) = x, Sn,q (e2; x) = x
2
q
+ x
[n]
,
Sn,q (e3; x) = x
[n]2
+ (2q+ 1)
q2 [n]
x2 + x
3
q3
,
Sn,q (e4; x) = x
[n]3
+ 3q2 + 3q+ 1 x2
q3 [n]2
+ 3q2 + 2q+ 1 x3
q5 [n]
+ x
4
q6
.
Nowwe give an explicit formula for themoments Sn,q (em; x), which a q-analogue of a result of Becker, see [10, Lemma 3].
Lemma 4 ([8]). For 0 < q < 1,m ∈ N there holds
Sn,q (em; x) =
m−
j=1
am,j (q)
xj
[n]m−j
, (5)
where
am+1,j (q) = [j] am,j (q)+ am,j−1 (q)qj−1 , m ≥ 0, j ≥ 1,
a0,0 (q) = 1, am,0 (q) = 0, m > 0, am,j (q) = 0, m < j. (6)
In particular Sn,q (em; x) is a polynomial of degree m without a constant term.
We transform the operators defined at (3) in order to preserve the quadratic function e2. Defining the functions
vn,q (x) = −q+

q2 + 4q [n]2 x2
2 [n]
, x ≥ 0, (7)
we consider the linear and positive operators
S∗n,q (f ; x) := Sn,q

f ; vn,q (x)
 = eq − [n] vn,q (x) ∞−
k=0
f

[k]
qk−1 [n]

q
k(k−1)
2

[n] vn,q (x)
k
[k]! . (8)
Lemma 5. The operators defined at (8) verify the following identities
S∗n,q (e0; x) = 1, S∗n,q (e1; x) = vn,q (x) , S∗n,q (e2; x) = x2,
S∗n,q

(e1 − e0x)2 ; x
 = 2x x− vn,q (x) .
Lemma 6. Let vn,q, n ∈ N be defined by (7), where q ∈ (0, 1). The following statements are true.
(i) vn,q (0) = 0;
(ii) 0 ≤ vn,q (x) ≤ x;
(iii) x− vn,q (x) is strictly increasing in x and
x− vn,q (x) ≤ 1[n]
(1− qn) x+ q
1+√q ,
S∗n,q

(e1 − e0x)2 ; x
 ≤ 2
[n]
(1− qn) x2 + qx
1+√q .
Proof. For proving (iii) we can consider the function h : [0,∞)→ R, h (x) = x−vn,q (x). It is clear that h is strictly increasing
and
0 ≤ h (x) = 1
2 [n]

2 [n] x+ q−

q2 + 4q [n]2 x2

= 1
2 [n]
4 (1− qn) [n] x2 + 4q [n] x
2 [n] x+ q+

q2 + 4q [n]2 x2
≤ 1
2 [n]
4 (1− qn) [n] x+ 4q [n]
2

1+√q [n] = 1[n] (1− qn) x+ q1+√q . 
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Lemma 7. Assume that qn ∈ (0, 1) , qn → 1 and qnn → a as n →∞. For every x ∈ [0,∞) there hold
lim
n→∞ [n]qn S
∗
n,qn (e1 − e0x; x) = −
(1− a) x+ 1
2
, (9)
lim
n→∞ [n]qn S
∗
n,qn

(e1 − e0x)2 ; x
 = (1− a) x2 + x, (10)
lim
n→∞ [n]
2
qn S
∗
n,qn

(e1 − e0x)4 ; x
 = 3x2 + 6 (1− a) x3 + 3 (1− a)2 x4. (11)
Proof. The proof is based on the following limit
lim
n→∞ [n]qn

x− vn,qn (x)
 = (1− a) x+ 1
2
.
We show (11). To do this we give an explicit formula for S∗n,q

(e1 − e0x)4 ; x

.
S∗n,q

(e1 − e0x)4 ; x
 = S∗n,q (e4; x)− 4xS∗n,q (e3; x)+ 6x2S∗n,q (e2; x)− 4x3S∗n,q (e1; x)+ x4
= 1
[n]3
vn,q (x)+ 3q
2 + 3q+ 1
q3 [n]2
v2n,q (x)+
3q2 + 2q+ 1
q5 [n]
v3n,q (x)+
1
q6
v4n,q (x)
− 4x

1
[n]2
vn,q (x)+ 2q+ 1q2 [n] v
2
n,q (x)+
1
q3
v3n,q (x)

+ 6x2

1
q
v2n,q (x)+
1
[n]
vn,q (x)

−4x3vn,q (x)+ x4
= 1
[n]3
vn,q (x)+ 1
q3 [n]2

3q2 + 3q+ 1 v2n,q (x)− 4q3xvn,q (x)
+ 1
q5 [n]

3q2 + 2q+ 1 v3n,q (x)− 4q3 (2q+ 1) xv2n,q (x)+ 6q5x2vn,q (x)
+

1
q6
v4n,q (x)−
4
q3
xv3n,q (x)+
6
q
x2v2n,q (x)− 4x3vn,q (x)+ x4

=: An,q + Bn,q + Cn,q + Dn,q.
Simple but tedious calculations show that
lim
n→∞ [n]
2
qn S
∗
n,qn

(e1 − e0x)4 ; x
 = lim
n→∞ [n]
2
qn

An,qn + Bn,qn + Cn,qn + Dn,qn

= 0+ 3x2 + 6 (1− a) x3 + 3 (1− a)2 x4.
Let us show details of the third limit.
[n]2qn Cn,qn =
[n]qn
q5n

3q2n + 2qn + 1
 
vn,qn (x)− x

v2n,qn (x)
+ [n]qn
q5n

3q2n + 2qn + 1− 8q4n − 4q3n
 
vn,qn (x)− x

xvn,qn (x)
+ [n]qn
q5n
(qn − 1)

6q4n − 6q2n − 2q3n − 3qn − 1

x2vn,qn (x)
→ −6 (1− a) x+ 1
2
x2 + 6 (1− a) x+ 1
2
x2 + 6 (1− a) x3
= 6 (1− a) x3. 
Lemma 8. Let m ∈ N ∪ {0} and q ∈ (0, 1) be fixed. Then there exists a positive constant Km (q) such thatS∗n,q (1+ em; x)m ≤ Km (q) , n ∈ N. (12)
Moreover for every f ∈ C∗m [0,∞) we haveS∗n,q (f )m ≤ Km (q) ‖f ‖m , n ∈ N. (13)
Thus Sn,q is a linear positive operator from C∗m [0,∞) into C∗m [0,∞) for any m ∈ N ∪ {0}.
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Proof. The inequality (12) is obvious form = 0. Letm ≥ 1. Then by (5) and Lemma 3 we have
1
1+ xm S
∗
n,q (1+ em; x) =
1
1+ xm +
1
1+ xm
m−1−
j=1
am,j (q)
v
j
n,q (x)
[n]m−j
≤ 1+ cm (q) = Km (q)
Km (q) is a positive constant depending onm and q. From this follows (12). On the other handS∗n,q (f )m ≤ ‖f ‖m S∗n,q (1+ em)m
for every f ∈ C∗m [0,∞). By applying (12), we obtain (13). 
3. Convergence of modified q-Szász–Mirakjan operators
In this section we study approximation properties of modified q-Szász–Mirakjan operators.
Theorem 9. Let qn ∈ (0, 1). Then the sequence

S∗n,qn (f )

converges to f uniformly on [0, A] for each f ∈ C∗2 [0,∞) if and only
if limn→∞ qn = 1.
Proof. Assume that limn→∞ qn = 1. Fix A > 0 and consider the lattice homomorphism TA : C [0,∞)→ C [0, A] defined by
TA (f ) := f|[0,A].
We see that
TA

S∗n,qn (e0)
 = TA (1) , TA S∗n,qn (e1)→ TA (t) , and TA S∗n,qn (e2)→ TA t2
uniformly on [0, A]. [11, Proposition 4.2.5, (6)] and its proof say that C∗2 [0,∞) is isomorphic to C [0, 1] and that the set
1, t, t2

is a Korovkin set in C∗2 [0,∞). So the universal Korovkin-type property ([11] property (vi) of Theorem4.1.4) implies
that
S∗n,qn (f ; x)→ f (x) uniformly on [0, A] as n →∞
provided f ∈ C∗2 [0,∞) and A > 0.
We prove the converse result by contradiction. Assume that {qn} does not converge to 1. Then it has to contain a
subsequence

qnk
 ⊂ (0, 1) such that qnk → α ∈ [0, 1) as k →∞. So
1
[nk]qnk
= 1− qnk
1− qnknk → 1− α as k →∞
and we get
S∗n,qnk (e1; x)− x = vn,qnk (x)− x =
−qnk +

q2nk + 4qnk [n]2qnk x2
2 [n]qnk
− x
→ −α +

α2 + 4α (1− α)2 x2
2 (1− α) − x ≠ 0.
This leads to contradiction. Thus qn → 1 as n →∞. Theorem is proved. 
The following result is a q-analogue of [12, Theorem 1]. It shows that S∗n,qn (f ; x) converges to f uniformly on [0, A] as
n →∞, whenever f ∗ (x) := f x2 is uniformly continuous.
Theorem 10. Let f ∈ C∗m [0,∞) and let
f ∗ (z) = f z2 , z ∈ [0,∞) .
We have, for all t > 0 and x ≥ 0,
S∗n,qn (f ; x)− f (x) ≤ 2ω

f ∗;

2
[n]qn

1− qnn

x+ qn
1+√qn
  . (14)
Therefore, S∗n,qn (f ; x) converges to f uniformly on [0, A] as n →∞, whenever f ∗ is uniformly continuous.
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Proof. Let t > 0, x ∈ [0,∞), and f ∈ C∗m [0,∞) be fixed. By the definition of f ∗ we have
S∗n,qn (f ; x) = S∗n,qn

f ∗
√· ; x .
Thus we can writeS∗n,qn (f ; x)− f (x) = S∗n,qn f ∗ √· ; x− f ∗ √x
=
 ∞−
k=0

f ∗

[k]
qk−1n [n]

− f ∗ √x sn,k qn; vn,qn (x)

≤
∞−
k=0


f ∗

[k]
qk−1n [n]

− f ∗ √x sn,k qn; vn,qn (x)
≤
∞−
k=0
ω

f ∗;


[k]
qk−1n [n]
−√x


sn,k

qn; vn,qn (x)

=
∞−
k=0
ω
f ∗;
 [k]
qk−1n [n]
−√x

S∗n,qn
√· −√x ; xS∗n,qn √· −√x ; x
 sn,k qn; vn,qn (x) .
Finally, from the inequality
ω

f ∗;αδ ≤ (1+ α)ω f ∗; δ , α, δ ≥ 0,
we obtain
S∗n,qn (f ; x)− f (x) ≤ ω f ∗; S∗n,qn √· −√x ; x ∞−
k=0
1+
 [k]
qk−1n [n]
−√x

S∗n,qn
√· −√x ; x
 sn,k qn; vn,qn (x)
= 2ω f ∗; S∗n,qn √· −√x ; x .
In order to complete the proof we need to show that we have for all t > 0 and x > 0,
S∗n,qn
√· −√x ; x ≤  2
[n]qn

1− qnn

x+ qn
1+√qn
 .
Indeed we obtain from the Cauchy–Schwartz inequality
S∗n,qn
√· −√x ; x = ∞−
k=0


[k]
qk−1n [n]
−√x
 sn,k qn; vn,qn(x)
=
∞−
k=0
 [k]
qk−1n [n]
− x

[k]
qk−1n [n]
+√x
sn,k

qn; vn,qn(x)
 ≤ 1√
x
∞−
k=0
 [k]qk−1n [n] − x
 sn,k qn; vn,qn(x)
≤ 1√
x
 ∞−
k=0
 [k]qk−1n [n] − x
2 sn,k qn; vn,qn(x) = 1√x

Sn,qn

(· − x)2 ; vn,qn(x)

= 1√
x

2x

x− vn,qn (x)
 ≤  2
[n]qn

1− qnn

x+ qn
1+√qn
 .
showing (14), and completing the proof. 
Next, we obtain a direct approximation theorem in C∗m [0,∞) and an estimation in terms of the weighted modulus of
continuity. It is known that, if f is not uniformly continuous on the interval [0,∞), then the usual firstmodulus of continuity
ω (f , δ) does not tend to zero, as δ → 0. For every f ∈ C∗m [0,∞) the weighted modulus of continuity is defined as follows
Ωm (f , δ) = sup
x≥0, 0<h≤δ
|f (x+ h)− f (x)|
1+ (x+ h)m .
Lemma 11 ([13]). Let f ∈ C∗m [0,∞) ,m ∈ N. Then
(1) Ωm (f , δ) is a monotone increasing function of δ,
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(2) limδ→0+ Ωm (f , δ) = 0,
(3) for any α ∈ [0,∞),Ωm (f , αδ) ≤ (1+ α)Ωm (f , δ) .
The following is the main convergence result of the paper. In Theorem 12 we give an expression of the approximation
error with the operators S∗n,q by means ofΩm.
Theorem 12. If f ∈ C∗m [0,∞) then the inequalityS∗n,q (f )− f m+1 ≤ kΩm

f ;

2
1+√q [n]

,
where k is a constant independent of f and n.
Proof. From the definition ofΩm (f , δ) and Lemma 11, we may write
|f (t)− f (x)| ≤ 1+ (x+ |t − x|)m  |t − x|
δ
+ 1

Ωm (f , δ)
≤ 1+ (2x+ t)m  |t − x|
δ
+ 1

Ωm (f , δ)
:= µx (t)
 |t − x|
δ
+ 1

Ωm (f , δ) .
Then S∗n,q (f ; x)− f (x) ≤ Ωm (f , δ)S∗n,q (µx (·) ; x)+ S∗n,q µx (·) |· − x|δ ; x

.
Applying the Cauchy–Schwartz inequality to the second term, we get
S∗n,q

µx (·) |· − x|
δ
; x

≤ S∗n,q µ2x (·) ; x1/2 S∗n,q  |· − x|2δ2 ; x
1/2
.
Consequently
S∗n,q (f ; x)− f (x) ≤ Ωm (f , δ)

S∗n,q (µx (·) ; x)+

S∗n,q

µ2x (·) ; x
1/2 
S∗n,q
 |· − x|2
δ2
; x
1/2
. (15)
Notice that by Lemmas 4 and 8 there are positive constants Km (q) and K 1m (q) such that
S∗n,q (µx (·) ; x) ≤ Km (q)

1+ xm , S∗n,q µ2x (·) ; x1/2 ≤ K 1m (q) 1+ xm . (16)
Hence we get
S∗n,q
 |· − x|2
δ2
; x
1/2
≤ 1
δ

2
1+√q [n] (1− qn) x2 + qx
≤ 1
δ

2
1+√q [n]x2 + x ≤ 1δ

2
1+√q [n] (1+ x) . (17)
Now from (15)–(17) we haveS∗n,q (f ; x)− f (x) ≤ Ωm (f , δ)

Km (q)

1+ xm+ K 1m (q) 1δ

2
1+√q [n] 1+ xm (1+ x)

= Ωm (f , δ)

Km (q)

1+ xm+ K 1m (q) K1 1δ

2
1+√q [n] 1+ xm+1

,
where
K1 = sup
x≥0
1+ xm + x+ xm+1
1+ xm+1 .
If we take δ =

2
(1+√q)[n] , then from the above inequality we obtain the desired result. 
Next we prove the Voronovskaja type result for S∗n,qn .
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Theorem 13. Assume that qn ∈ (0, 1) , qn → 1 and qnn → a as n → ∞. For any f ∈ C∗2 [0,∞) such that f ′, f ′′ ∈ C∗2 [0,∞)
the following equality holds
lim
n→∞ [n]qn

S∗n,qn (f ; x)− f (x)
 = (1− a) x+ 1
2

xf ′′ (x)− f ′ (x)
uniformly on any [0, A], A > 0.
Proof. Let f , f ′, f ′′ ∈ C∗2 [0,∞) and x ∈ [0,∞) be fixed. By the Taylor formula we may write
f (t) = f (x)+ f ′ (x) (t − x)+ 1
2
f ′′ (x) (t − x)2 + r (t; x) (t − x)2 , (18)
where r (t; x) is the Peano form of the remainder, r (·; x) ∈ C∗2 [0,∞) and limt→x r (t; x) = 0. Applying S∗n,qn to (18) we
obtain
[n]qn

S∗n,qn (f ; x)− f (x)
 = f ′ (x) [n]qn S∗n,qn (e1 − e0x; x)
+ 1
2
f ′′ (x) [n]qn S
∗
n,qn

(e1 − e0x)2 ; x
+ [n]qn S∗n,qn r (·; x) (· − x)2 ; x .
By the Cauchy–Schwartz inequality, we have
S∗n,qn

r (·; x) (· − x)2 ; x ≤ S∗n,qn r2 (·; x) ; xS∗n,qn (· − x)4 ; x. (19)
Observe that r2 (x; x) = 0 and r2 (·; x) ∈ C∗2 [0,∞). Then it follows from Theorem 9 that
lim
n→∞ S
∗
n,qn

r2 (·; x) ; x = r2 (x; x) = 0 (20)
uniformly with respect to x ∈ [0, A]. Now from (19), (20) and Lemma 7 we get immediately
lim
n→∞ [n]qn S
∗
n,qn

r (·; x) (· − x)2 ; x = 0.
The proof is completed. 
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